Introduction {#Sec1}
============

In this paper, we investigate a class of nonconvex and nonsmooth optimization problems, where the penalty is the composition of a nonsmooth nonconvex mapping with a linear operator and the smooth part is a least square-type term.

Similar optimization problems, in the case where the operator inside the penalty coincides with the identity matrix, have attracted increasingly attention due to their applications to sparsity of solutions, feature selection, and many other related fields as, e.g. compressed sensing, signal processing, and machine learning (see, e.g. \[[@CR1], [@CR2]\]). The convex nonsmooth case of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell ^1$$\end{document}$ norm has gained large popularity and has been thoroughly studied. The convexity allows to formulate efficient and globally convergent algorithms to find a numerical solution. Here, we mention \[[@CR3], [@CR4]\] where the basis pursuit and the Lasso problems were introduced to solve $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell ^1$$\end{document}$ minimization problems.

Recently, increased interest has arisen towards nonconvex and nonsmooth penalties, such as the $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ larger or equal to zero and less than 1 (see, e.g. \[[@CR5]--[@CR10]\]), the smoothly clipped absolute deviation (SCAD) \[[@CR11], [@CR12]\], and the minimax concave penalty (MCP) \[[@CR12], [@CR13]\]. The nonconvexity has been shown to provide some advantages with respect to the convex models. For example, it allows to require less data in order to recover exactly the solution (see, e.g. \[[@CR14]--[@CR16]\]) and it tends to produce unbiased estimates for large coefficients \[[@CR11], [@CR17], [@CR18]\]. Note that all the previously mentioned works deal with the particular case where the operator coincides with the identity.

Nonconvex optimization problems as we consider, where the operator inside the penalty is different form the identity, arise also in the modelling of cohesive fractures in continuum mechanics, where the concavity of the penalty is crucial to model the evolution of the fracture energy released within the growth of the crack opening. Here, the operator is of importance to model the jump of the displacement between the two lips of the fractures. We refer to \[[@CR19]--[@CR22]\] and Sect. [3.1](#Sec8){ref-type="sec"} for more details.

The study of these problems for nonconvex penalties, including $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ strictly positive and less than 1, the SCAD and the MCP functionals, and for linear operators not necessarily coinciding with the identity, is also motivated by applications different from those arising in fracture mechanics. For example, in imaging the $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ strictly positive and less than 1, of the numerical gradient of the solution has been proposed as a nonconvex extension of the total variation (like TV) regularizer (see, e.g. \[[@CR6], [@CR10]\]) in order to reconstruct piecewise smooth solutions. The SCAD and the MCP penalties have been used for high-dimensional regression and variable selection methods in high-throughput biomedical studies \[[@CR23]\]. We mention also that the SCAD has been proposed as a nonconvex penalty in the network estimation to attenuate the bias problem \[[@CR24]\].

The main difficulties in the analysis of these problems come from the interplay between the nonsmoothness, the nonconvexity, and the coupling between coordinates which is described by the operator inside the penalty. Since standard algorithms are not readily available, the resolution of these problems requires the development of new analytical and numerical techniques.

In the present paper, we propose a monotonically convergent algorithm to solve this kind of problems. This is an iterative procedure which solves the necessary optimality condition of a regularized version of the original problem. A remarkable property of our scheme is the strict monotonicity of the functional along the sequence of iterates. The convergence of the iteration procedure is proved under the same assumptions that guarantee the existence of solutions.

The performance of the scheme is successfully tested to simulate the evolution of cohesive fractures for several different test configurations. Then, we turn to an issue of high relevance, namely the comparison between two alternative algorithms, the GIST "General Iterative Shrinkage and Thresholding" algorithm for $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell ^\tau $$\end{document}$ minimization, with $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ strictly positive and less than 1, and the FISTA "Fast Iterative Shrinkage-Thresholding Algorithm" for $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell ^1$$\end{document}$ minimization. The comparison is carried out with respect to the infimal value reached by the iteration procedure and with respect to computing time. Our results show that the monotone algorithm is able to reach a smaller value of the objective functional that we consider when compared to the one of GIST. Note that differently from GIST, the monotone scheme solves a system of nonlinear equations at each iteration level. We remark that in \[[@CR25]\], GIST was compared with the IRLS "iterative reweighted least squares" algorithm, which is another popular scheme for $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ strictly positive and less than 1. The results of \[[@CR25]\] show that GIST and IRSL have nearly the same performance, with only one difference which is speed, where GIST appears to be the faster one.

An analogous procedure to the one proposed in the present paper was developed in \[[@CR20]\] to solve similar problems where the nonconvex penalty coincides with $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ strictly positive and less than or equal to 1. With respect to \[[@CR20]\], in the present paper, we deal with more general concave penalties. Moreover, we carry out several numerical experiments for diverse situations in cohesive fracture mechanics, comparing the behaviours for different concave penalties such as the SCAD, the MCP, and the $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ strictly positive and less than 1. Finally, in the present paper, we compare the performance of the scheme with that of GIST.

Let us recall some further literature concerning nonconvex nonsmooth optimization of the type investigated in the present paper. In \[[@CR12], [@CR26]\], a primal-dual active set-type algorithm has been developed; in the case, the operator inside the penalty coincides with the identity. For more references, in this case, we refer to \[[@CR20]\]. Concerning $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ larger than or equal to zero and less than or equal to 1 when the operator is not the identity, other techniques have recently been investigated. Here, we mention iteratively reweighted convex majorization algorithms \[[@CR10]\], alternating direction method of multiplier (ADMM) \[[@CR9]\] and finally a Newton-type solution algorithm for a regularized version of the original problem \[[@CR6]\]. Finally we recall the paper \[[@CR21]\], where a novel algorithm for nonsmooth nonconvex optimization with linear constraints is proposed, consisting of a generalization of the well-known nonstationary-augmented Lagrangian method for convex optimization. The convergence to critical points is proved and several tests were made for free-discontinuity variational models, such as the Mumford--Shah functional. The nonsmoothness considered in \[[@CR21]\] does not allow singular behaviour of the type that the $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ larger than or equal to zero and strictly less than 1 does.

The paper is structured as follows. In Sect. [2](#Sec2){ref-type="sec"}, Sect. [2.1](#Sec3){ref-type="sec"}, we state the precise assumptions, in Sect. [2.2](#Sec4){ref-type="sec"}, we prove existence for the problem in consideration, in Sect. [2.3](#Sec5){ref-type="sec"}, we propose the monotone scheme to solve a regularized version of the original problem and we prove its convergence, and finally in Sect. [2.4](#Sec6){ref-type="sec"}, we study the asymptotic behaviour as the concavity and regularization parameters go to zero. In Sect. [3](#Sec7){ref-type="sec"}, we present the precise form of our scheme. In Sect. [3.1](#Sec8){ref-type="sec"}, we discuss our numerical experience for cohesive evolution of fracture mechanics and in Sect. [3.2](#Sec11){ref-type="sec"}, we compare the performance of our scheme to that of GIST for three different test cases, the academical M-matrix example, an optimal control problem, and a microscopy imaging example.

Existence and Monotone Algorithm {#Sec2}
================================

Assumptions {#Sec3}
-----------
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### Remark 2.1 {#FPar1}

The singularity at the origin of the three penalties leads to sparsity of the solution. In the SCAD and the MCP, the derivative vanishes for large values to ensure unbiasedness.
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The SCAD (smoothly clipped absolute deviation) (\[[@CR11], [@CR18]\]) has raised interest in relation to variable selection consistency and asymptotic estimation efficiency (see \[[@CR18]\]). It can be obtained upon integration of the following formula for $\documentclass[12pt]{minimal}
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Existence {#Sec4}
---------

First, we prove coercivity of the functional J in ([1](#Equ1){ref-type=""}) under assumptions (a) or (b).

### Lemma 2.1 {#FPar2}

Let assumptions **(H)** and either (a) or (b) hold. Then, the functional J in ([1](#Equ1){ref-type=""}) is coercive.

### Proof {#FPar3}

Under assumption (a), the coercivity of J follows trivially. Suppose now that (b) holds. Then, the result follows by similar arguments to that used in \[[@CR20]\], Theorem 1 (where $\documentclass[12pt]{minimal}
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In the following theorem, we state the existence of at least a minimizer to ([1](#Equ1){ref-type=""}) under either (a) or (b). We omit the proof since it follows directly by the continuity and coercivity of the functional in ([1](#Equ1){ref-type=""}).

### Theorem 2.1 {#FPar4}

Let assumptions **(H)** and either (a) or (b) hold. Then, there exists at least one minimizer to problem ([1](#Equ1){ref-type=""}).
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A Monotone Convergent Algorithm {#Sec5}
-------------------------------
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### Proof {#FPar7}

The proof strongly depends on the coercivity of the functional *J* and it follows arguments similar to those of \[[@CR7], Theorem 4.1\].
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Algorithm and Numerical Results {#Sec7}
===============================

For convenience, we recall the algorithm in the following form.
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Remark 3.2 {#FPar16}
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In the following subsection, we present our numerical results in cohesive fracture mechanics. Then, in Sect. [3.2](#Sec11){ref-type="sec"}, the performance of our algorithm is compared to two other schemes for nonconvex and nonsmooth optimization problems.

Application to Quasi-Static Evolution of Cohesive Fracture Models {#Sec8}
-----------------------------------------------------------------

In this section, we focus on the numerical realization of quasi-static evolutions of cohesive fractures. These kinds of problems require the minimization of an energy functional, which has two components: the elastic energy and the cohesive fracture energy. The underlying idea is that the fracture energy is released gradually with the growth of the crack opening. The cohesive energy, denoted by $\documentclass[12pt]{minimal}
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In our experiments, we consider three different types of cohesive energy, the $\documentclass[12pt]{minimal}
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In Sects. [3.1.1](#Sec9){ref-type="sec"} and [3.1.2](#Sec10){ref-type="sec"}, we show our results for one-dimensional and two-dimensional experiments, respectively.

### One-Dimensional Experiments {#Sec9}
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                \begin{document}$$a_i$$\end{document}$ denotes the piecewise linear approximation of the material inhomogeneity function. We remark that the jump of the displacement is not taken into account in the sum, and the gradient of *u* is approximated with finite difference of first order. The Dirichlet condition is applied on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial \varOmega =\{0,2l\}$$\end{document}$ and the external displacement is chosen as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ u(0,t)=0, u(2l,t)=2lt. $$\end{document}$ To enforce the boundary condition in the minimization process, we add it to the energy functional as a penalization term. Hence, we solve the following unconstrained minimization problem$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \min N|A u_h -b|_2^2+\theta (\llbracket u_N \rrbracket ), \end{aligned}$$\end{document}$$where the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A \in {\mathbb {R}}^{(2N+1)\times (2N+1)}$$\end{document}$ is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A=RD$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R\in {\mathbb {R}}^{(2N+1)\times (2N+1)}$$\end{document}$ is the diagonal operator with *i*-entries $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{ii}=a_i$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ A=\left[ {\bar{D}}', [0\, \,\ldots \,\, 0 \, \,\gamma ]' \right] '. $$\end{document}$ Here, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bar{D}} \in {\mathbb {R}}^{2N\times (2N+1)}$$\end{document}$ is the backward finite difference operator *D* without the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N+1$$\end{document}$ row, where we use the notation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D:=diag(-ones(2N,1),-1))+diag(ones(2N+1,1))\, : \,{\mathbb {R}}^{2N+1} \rightarrow {\mathbb {R}}^{2N+1}$$\end{document}$. Moreover, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b \in {\mathbb {R}}^{2N+1}$$\end{document}$ in ([28](#Equ28){ref-type=""}) is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b=(0,\ldots , \gamma t_i)'$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$ is the penalization parameter. To compute the jump between the two lips of the fracture, we introduce the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_f:{\mathbb {R}}^{2N+1} \rightarrow {\mathbb {R}}$$\end{document}$ defined as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D_f=(0,\ldots , -1,1,0,\ldots ,0)$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-1$$\end{document}$ and 1 are, respectively, in the *N* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N+1$$\end{document}$ positions. Then, we write the functional ([28](#Equ28){ref-type=""}) as follows$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \min N|A u_h -b|_2^2+ \theta ( D_fu). \end{aligned}$$\end{document}$$We consider the three different penalizations given by the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell ^\tau , \tau \in ]0,1[$$\end{document}$, the SCAD, and the MCP penalties. Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text{ KerA } =0$$\end{document}$, hence assumptions (*a*) (*ii*) and (*c*)(*ii*) are satisfied and existence of a minimizer for ([29](#Equ29){ref-type=""}) is guaranteed.

Our numerical experiments were conducted with a discretization in 2*N* intervals, $\documentclass[12pt]{minimal}
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We remark that in the following experiments, the material function *a*(*x*) was always chosen as the identity. For tests with more general *a*(*x*), we refer to the two-dimensional experiments reported in the following subsection. In Figs. [1](#Fig1){ref-type="fig"} and [2](#Fig2){ref-type="fig"}, we report our results obtained by Algorithm 1, respectively, for the models $\documentclass[12pt]{minimal}
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We observe the three phases that we expect from a cohesive fracture model:*Pure elastic deformation*: in this case, the jump amplitude is zero and the gradient of the displacement is constant in $\documentclass[12pt]{minimal}
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We tested our algorithm also for the MCP model, where no prefracture phase can be observed, that is, the displacement breaks almost instantaneously to reach the complete fracture.
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### Two-Dimensional Experiments {#Sec10}
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As expected from a cohesive fracture model, we observe the three phases of pure elastic deformation, prefracture, and fracture (see Sect. [3.1.1](#Sec9){ref-type="sec"} for an explanation of the model and the three phases).
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In Figs. [9](#Fig9){ref-type="fig"} and [10](#Fig10){ref-type="fig"}, we report the results when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R^1,R^2$$\end{document}$ are the discretization of the following function$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{array}{lll} r(x,y)=400exp(y), &{}\quad \text{ for } x\le N \\ r(x,y)=400y &{} \quad \text{ otherwise } \end{array} \end{aligned}$$\end{document}$$Note that in Fig. [10](#Fig10){ref-type="fig"}, the boundary datum is chosen as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_3(t)=\frac{1}{100}cos(2(y-0.5))(x-0.5).$$\end{document}$ As expected due to the choice of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R^1, R^2$$\end{document}$, we remark an asymmetric behaviour of the fracture in the *y* direction, namely the specimen brakes before where the material function is higher.

Comparison with GIST {#Sec11}
--------------------

In this section, we present the result of experiments to compare the performance of Algorithm 1 with the following two other algorithms for nonconvex and nonsmooth minimization. We first compare with the GIST "General Iterative Shrinkage and Thresholding" algorithm for $\documentclass[12pt]{minimal}
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Concerning $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell ^1$$\end{document}$-minimization based algorithms, we compared our algorithm with the FISTA "Fast Iterative Shrinkage-Thresholding Algorithm", see Sect. [3.2](#Sec11){ref-type="sec"}.

We remark that the results of \[[@CR25]\] show no particular differences in the performance of the algorithm for different values of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$, except that the speed becomes much worse for p near to 1, say $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau =0.9$$\end{document}$. Motivated also by this observations, the comparisons explained in the following were made for one fixed value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$.

The comparison is carried out through the following three examples, the academical M-matrix problem, an optimal control problem, and a microscopy imaging reconstruction example.
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### M-Matrix Example {#Sec12}
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We remark that in \[[@CR37]\] and \[[@CR20]\], the algorithm was also tested in the same situation for different values of $\documentclass[12pt]{minimal}
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Here, we focus on the comparison between the performances of Algorithm 1 and GIST. In order to compare the two schemes, we focus on the value of the unregularized functional *J* in ([34](#Equ34){ref-type=""}) reached by both algorithms, the time to acquire it, and the number of iterations. Our tests were conducted for $\documentclass[12pt]{minimal}
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We observe that Algorithm 1 achieves always lower values of the functional J, but in a longer time. The number of iterations needed by Algorithm 1 is smaller than the number of iterations of GIST for small values of $\documentclass[12pt]{minimal}
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We carried out a further test in order to measure the timing performance of Algorithm 1, that is, the algorithm is stopped as soon as the value of J achieved by GIST is reached. In Table [1](#Tab1){ref-type="table"}, we report the time, the number of iterations, the values of J, and the value of $\documentclass[12pt]{minimal}
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### Optimal Control Problem {#Sec13}
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Similarly as in the previous subsection, we compare the values of the functional, the time and the number of iterations. The experiments are carried out for $\documentclass[12pt]{minimal}
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As can be seen from Table [2](#Tab2){ref-type="table"}, the same kind of remarks as in the previous subsection apply. In particular, GIST is faster but less precise than Algorithm 1, but Algorithm 1 overcomes the value reached by GIST more rapidly. Note that we reported again only the results we obtained for the two values of $\documentclass[12pt]{minimal}
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### Compressed Sensing Approach for Microscopy Image Reconstruction {#Sec14}

We compare Algorithm 1 and GIST in a microscopy imaging problem, in particular we focus on the STORM (stochastic optical reconstruction microscopy) method, based on stochastic switching and high-precision detection of single molecules to achieve an image resolution beyond the diffraction limit. The literature on the STORM has been intensively increasing, see e.g. \[[@CR38]--[@CR41]\]. We refer in particular to \[[@CR20]\] for a detailed description of the method and for more references.

Our approach is based on the following constrained-minimization problem:$$\documentclass[12pt]{minimal}
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We carried out several tests with the same data for different values of $\documentclass[12pt]{minimal}
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The results shows that by GIST the Error− is always 197, whereas by Algorithm 1 is always under 53 and even smaller for small values of the noise. On the other hand, the Error$\documentclass[12pt]{minimal}
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Finally, we remark that in the case of the cross image, GIST is faster than our algorithm, consistently with the result presented in the previous subsection and as expected, since our algorithm solves a nonlinear equation for each minimization problem. On the other hand, in the case of the standard phantom image, GIST results to be far slower than Algorithm 1.

In Fig. [12](#Fig12){ref-type="fig"}, we report the results obtained in the same situation by the FISTA "Fast Iterative Shrinkage-Thresholding Algorithm" for $\documentclass[12pt]{minimal}
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                \begin{document}$$+$$\end{document}$ is always above 400, whereas by Algorithm 1 is zero for small value of the noise. This shows that Algorithm 1 leads to more sparsity with respect to the FISTA, consistently with our expectation since the FISTA is based on $\documentclass[12pt]{minimal}
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Perspectives and Open Problems {#Sec15}
==============================

An open problem of interest to us is the study of problems like ([1](#Equ1){ref-type=""}) for the case where the linear mapping *A* is replaced by a nonlinear, smooth operator $\documentclass[12pt]{minimal}
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                \begin{document}$$f:{\mathbb {R}}^n \mapsto {\mathbb {R}}^m$$\end{document}$. One of the motivations arises from control of nonlinear dynamical system. We could proceed by iteratively applying the monotone scheme in Sect. [2.3](#Sec5){ref-type="sec"} to auxiliary problems arising from linearization of *f* at the current iterate and by updating the sequence such obtained in an outer loop.

We are particularly interested in the case in which the nonlinear operator *f* is nonconvex. From a fracture mechanics point of view, this would mean considering not only small-strain energy as in the current paper, but possibly polyconvex strain energy as in \[[@CR44]\]. Considering a nonconvex energy would be more consistent from a mechanical point of view, and in particular in line with Coleman--Noll's theorem.

Conclusions {#Sec16}
===========

We have developed a monotone convergent algorithm for a class of nonconvex nonsmooth optimization problems arising in the modelling of fracture mechanics and in imaging reconstruction, including the $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell ^\tau , \tau \in ]0,1]$$\end{document}$, the smoothly clipped absolute deviation and the minimax concave penalty. Theoretically, we established the existence of a minimizer of the original problem under assumptions implying coercivity of the functional. Then, we derived necessary optimality conditions for a regularized version of the original problem. The optimality conditions for the regularized problem were solved through a monotonically convergent scheme based on an iterative procedure. We proved the convergence of the iteration procedure under the same assumptions that guarantee existence. A remarkable result is the strict monotonicity of the functional along the sequence of iterates generated by the scheme. Moreover, we proved the convergence of the regularized problem to the original one, as the regularization parameter goes to zero.

The procedure is very efficient and accurate. The efficiency and accuracy of the procedure was verified by numerical tests simulating the evolution of cohesive fractures and microscopy imaging. An issue of high relevance to us was the comparison of the scheme to two alternative algorithms, the GIST "General Iterative Shrinkage and Thresholding" algorithm for $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ strictly positive and less than 1 and the FISTA "Fast Iterative Shrinkage-Thresholding Algorithm" for $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell ^1$$\end{document}$ minimization. We first compared with GIST by focusing on the infimal value reached by the iteration procedure and on the computing time. Our results showed that the monotone algorithm is able to reach a smaller value of the objective functional when compared to GIST's, therefore leading to a better accuracy. Finally we compared our scheme with FISTA in sparse recovery related to microscopy imaging. The results showed that the monotone scheme leads to more sparsity with respect to FISTA, as expected since FISTA concerns $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell ^1$$\end{document}$ minimization.

The reference paper is \[[@CR36]\], the toolbox can be found in <https://github.com/rflamary/nonconvex-optimization>.
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